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The Congruent Number Problem

Which integers are the area of a right-angled triangle with sides of rational length?

n ∈ N is a congruent number if there exist
a, b, c ∈ Q with

a2 + b2 = c2 and 1
2ab = n.

Area = 5
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Let n ∈ N be square-free, En : y2 = x3 − n2x .{
(a, b, c) ∈ Q3 ∣∣ a2 + b2 = c2, 1

2ab = n
} 1-to-1
←→

{
(x , y) ∈ En(Q)

∣∣ y ̸= 0
}

(a, b, c) 7−→
(
nb/(c − a), 2n2/(c − a)

)
(
(x2 − n2)/y , 2nx/y , (x2 + n2)/y

) 7−→

(x , y)

n is a congruent number ⇐⇒ ∃(x , y) ∈ En(Q), y ̸= 0 ⇐⇒ rank(En) ≥ 1
BSD
⇐⇒ L(En, 1) = 0.
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The Congruent Number Problem and the Parity Conjecture

The Parity Conjecture
Let E/Q be an elliptic curve. Then

(−1)rank(E) = w(E ).

When En : y2 = x3 − n2x ,

w(En) =

{
+1 n ≡ 1, 2 or 3 (mod 8),
−1 n ≡ 5, 6 or 7 (mod 8).

Corollary
Assuming the Parity Conjecture, n is a congruent number whenever n ≡ 5, 6 or 7 (mod 8).

Unconditional results:

primes p ≡ 5, 7 (mod 8) are congruent numbers, (Heegner)

primes p ≡ 3 (mod 8) are not congruent numbers, (Nagell)

≥ 55.9% of square-free n ≡ 5, 6 or 7 (mod 8) are congruent numbers. (Smith)
Holly Green (University of Bristol) Number Theory Day January 24th, 2024 4 / 5



Thank you for listening!

Question
Is 52 a congruent number?
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