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Want to be able to prove the Parity Conjecture for hyperelliptic curves over Q given by
y? = f(x)g(x).

Conjecture (The Parity Conjecture)

Let C/Q be an algebraic curve. Then (—1)2"kJacC) — y(Jac C).

To do this, we need an understanding of the main ingredients, i.e:

= w(Jac C) = wuo(Jac C) [, wp(Jac C),
m rank(Jac C).

Disclaimer: we will assume #I1I is finite.
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Extracting parity information from an isogeny

To understand the rank of Cg, : y? = f(x)g(x), we will use an isogeny.

B:{y*=f(x), 22 = g(x)} Q()(VF(x), V&(x))
Cr:y? =f(x) Cre Ce vy’ =g(x) Q)(VF(x)) QX)(Vf(x)g(x)) Q(x)(ve(x))
P! Q(x)

Jac C¢ x Jac Gg x Jac Gy — Jac B
BSD(Jac Cr)BSD(Jac C;)BSD(Jac Cg) = BSD(Jac B)
rank(Jac Cr) + rank(Jac Cg) + rank(Jac Cg) = Ao + >, Ap mod 2.
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Extracting parity information from an isogeny

When f(x) = x? + ax + b and g(x) = x then

C,cg:y2:x3+ax2—|—bx, B:y’=x*+ax>+0b

and rank(Cg) = Ao + Zp Ap mod 2 where Ao, = ordy (%) and A\, = ord (C:‘E’J(accfg;)) i

v

More generally,

B cv(Jac Cr)ey(Jac Cg)ey(Jac Gy ) dy (Cr)dy (Cg)dy (Cry)
Ay = orda ( ¢, (JacB) . LB ) |

How does this construction compare to BSD? BSD predicts

(_1)rank(Cf)+rank(Cg)+rank(Cfg) = Woo(Cf)Woo(Cg)Woo(Cfg)H Wp(Cf)Wp(Cg)Wp(Cfg)-
P
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Proving the Parity Conjecture

At a place v of Q define a discrepancy factor j1, = (—1)*w, (Jac Cr)w, (Jac Cz)w, (Jac Cg;).

H py = (=1 X w(Jac Cr)w(Jac Cg)w(Jac Cg)
v=p,00

— (_l)rank(Jac Cr)+rank(Jac Cg)+rank(Jac Cfg)W(JaC Cf)W(JaC Cg)W(JaC Cfg)

If the Parity Conjecture holds for C¢ and Cg, then

I #v = (~1)Colw(Jac Cp).
V=p,00

Let (-, ), denote the Hilbert symbol. If A,B € Q, then [[,_, (A, B), = +1.

To express j1,, as a product of Hilbert symbols with entries in Q. Then

PC for C¢ and C; = PC for Cg,.
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Sturm's theorem

The Sturm sequence for f(x) € R[x] is
Po = f(X), P1 = f’(X), Pi+1 = —Fi—1 mod P,'.

Let o(«) be the number of sign changes in Po(«), Pi(a), Pa(c), ...

Theorem (Sturm'’s theorem)

The number of R roots of f(x) in the interval (o, ] is o(a) — o ().

Example
Let f(x) =x?+ax+b. Then Py = f, Py = 2x +a, P = 3(a% — 4b) = 1 A¢.

How many roots does x? + 2x — 2 have in the interval (0, 1]?
P0(0)7 P1(0)7 P2(0) =-2,2,3 P0(1)7 P1(1)7 P2(1) =1,4,3.

Soo(0)—o(l)=1-0=1.
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Proving the Parity Conjecture for a particular family

We will now fix g(x) = x and assume that f is monic.

+1 otherwise.

{—1 #R_o roots of f =degf + (1 or2) mod 4,
Hoo =

Theorem (G., A. Morgan)
Let c;, I; be the constant and lead terms of P; (the ith Sturm polynomial for f). Then

deg f—1

Moo = H (—¢i, Cit1) oo (i, —li+1) oo -
=0

Let f(x) = x?> + ax + b. Then po = (—b,a)(—2a, Ar). This expression works for v # oo too.
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Proving the Parity Conjecture for a particular family

Continuing to take g(x) = x and f monic.

Theorem (G., C. Maistret)

Let f(x) = x>+ ax? + bx + c. Then

py = (b, —c)y(ab — 9c, —bAf),(—2, Af),.

v = (—1)Mw, (Jac Cr)w, (Jac Cyr)

= (_l)rank(Jac Cr)+rank(Jac Cyr) W(JaC Cf)w(Jac fo) = +1

PC holds for Cr : y? = f(x) iff it holds for Cys : y? = xf(x).

If E1, E; are elliptic curves with E1[2] = E;[2], then PC holds for Ey iff it holds for E;.
PC holds for the genus 2 hyperelliptic curve B : y? = f(x?).
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Proving the Parity Conjecture for a particular family

Continuing to take g(x) = x and f monic.

Conjecture (G.)

Let c;, I; be the constant and lead terms of P; (the ith Sturm polynomial for f). Then

degf—1
wo= I (=eeva), (h—=liva), -
i=0

Next step: understanding the Sturm polynomials over Q,.
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Thank you for listening!
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	Preliminary discussion

