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Main results

Theorem (Dokchitser, Green, Konstantinou, Morgan)
Assuming #111 is finite, for all smooth, projective curves over number fields X /K

rank(Jacx) = Z ANX/K,) mod 2

v place of K

where \ € {0,1} is an explicit invariant computed from curves over local fields.

Theorem (Green)
Assuming #I111 is finite, the Birch and Swinnerton-Dyer conjecture correctly predicts the parity
of the rank of elliptic curves over number fields.
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Ranks of elliptic curves

Let E/Q be an elliptic curve.
Theorem (Mordell)

E(Q) = 7r"K(E) x T for some rank(E) € N and finite group T.

Conjecture (Birch and Swinnerton-Dyer |)

rank(E) = ords—1L(E,s).

Functional equation

L*(E,s) = w(E)L*(E,2 —s),  w(E) € {£1}.

(—1)d=tED) = w(E) = [[  w(E).

v place of Q
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The parity conjecture

The parity conjecture

(_1)rank(E) — W(E) = H WV(E)

v place of Q

+1 E/Qp has good reduction

—1 E/Qp has split multiplicative reduction

+1  E/Qp has non-split multiplicative reduction
E/Qp has additive reduction

Let £/Q: y? = x3 4+ 4x?> — 80x + 400, Ag = —53-11-13. Then
w(E) = woo(E)ws(E)wa1(E)wis(E) = (—1)(—=1)(+1)(-1) = 1.

The parity conjecture says that E has odd rank = E has infinitely many rational points.
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Parity phenomena

For semistable elliptic curves over number fields,
(_1)rank(E) _ (_1)#{v|oo} + #{vfoo, E/K, split muItipIicative}‘

If E/Q is semistable with split multiplicative reduction at 2 then rank(E/Q((g)) is odd. J

If K is imaginary quadratic and E/K has everywhere good reduction then rank(E/K) is odd.
If L/K has even degree then rank(E/L) is even and

rank(E/K) < rank(E/L).

Goal

Develop an arithmetic analogue of the parity conjecture,

(=B = ] (-n™® or  rank(E)= > A,(E) mod 2.

v place of K v place of K

New idea: use the arithmetic of higher genus curves.
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Taking covers of curves

Let £/Q : y? = f(x) be an elliptic curve. If f(x) = x>+ ax+ b

Qy, x, ) — D : A% = —27y* + 54by? — (43° + 27b°).
B : {y? = f(x), A? = Discx(f(x)—y?)}

/ \ Example: B has genus 3

Q(E) = Q(y,x) < QYB) = 1973 9> @ p® = B has genus a+ b+ 2c.
> Qy,4) . :
(o) >y D: 4= Disc(f()—y?) = 0=dim QY(P') = dmQY(B)> =,
e w 1= dimQ}D) = dimQ}(B)S = b,
Q(PY) = Q(y) = 1= dimQYE) = dimQY(B)© = c.
Theorem Q(Y)
Let Y /Q be a smooth, projective curve and G < Autg(Y). /

= Q(Y)¢ =Q(Y/G),
= QYY) = QY(Y/6), ;
= (Jacy(Q) ® Q)¢ = Jacy/6(Q) ® Q. Q(F")
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Finding a relationship between E, D, B, P*

Let E/Q : y? = f(x) be an elliptic curve.

Q(y,x, )
B : {y? = f(x), A% = Discx(f(x)—y?)}

E rank(E) | rank(Jacp) | rank(Jacg)
/ \ y=x3+x+1 1 1 3
Q(E) y2=x3-3x+1 1 0 2
S Qy,A) y2=x3—16x+400| 3 1 7
o)y D : A* = Disc,(f(x)—y?)
\ / 2rank(E) + rank(Jacp) = rank(Jacg)

QP

There's an isogeny

E x E x Jacp — Jacg.
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Exhibiting isogenies

Let X/Q be a smooth, projective curve and 7 : X — P1.

- QY) >_i Hi = >°; H! is a Brauer relation for a finite group G if
Q(X) Z Indf,l_ 1 = Z Ind,(_’;; 1.
i J

n
\ A Brauer relation for S3 is

]P>1
Q( ) C2-|—C2+C3—{1}—53—53.

Theorem (Kani—Rosen)

Let Y /Q be a smooth, projective curve and G < Autq(Y). If 32, H; — 3" H} is a Brauer
relation for G, then there's an isogeny

H Jacy /y, — H Jacy/,_,lg.
i J
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Isogeny invariance of BSD

Theorem (Cassels—Tate)

Assume that #I111 is finite. The BSD coefficient is
invariant under isogeny.

#H—[Jacx . RngacX : CJacX

BSDj,¢, =
>D x #JaCX(Q)gors

Apply to the isogeny E x E x Jacp — Jacg.

0o- 3rank(E)+rank(JacD) — RngBCB _ #JaCB(Q)Eors . #H-IzE #HIJaCD . CE CJECD -0- CE: C.JBCD
Reg2E RngacD #E(@)gors #JaCD(Q)gors # jacy Clacs Clacs

Assuming that #I1g[3°°] and #111,.,[3%°] are finite,

rank(E) + rank(Jacp) = ords (COO(chlz(j(:c(:;CD)) + Zord3 (%) mod 2.
B P
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2
rank(E) + rank(Jacp) = v:;oo ords (CV(fz(j;((:;:;CD)) mod 2 }
2_ 3, .2 59 2 3. 2 5
E/Q:y =x"+x —QX—Z (19.a2), D/Q : A* = Discy(x° + x _9X_Z_y )
1261 6859
_ o7 4 201 o
B I AT

Jacp is 798.d4.

v o (E) cv(Jacp) | c,(Jacg) | ords (%)
2 1 2 2 0
3 1 3 1 1
7 1 6 2 1
19 3 3 27 0
oo || 1.3598... | 0.5121... | 0.9469... 0

= rank(E) + rank(Jacp) is even.
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Obtaining local formulae

Theorem (Dokchitser, Green, Konstantinou, Morgan)

Let Y /Q be smooth, projective such that #I11 j,c, [(°] is finite. Assume Y — P! s a Galois
cover and let © = 7, H; — >, H; be a Brauer relation for its Galois group. Then

Hl RngaCy H
ordy [ 54— ) = Avo(Y) mod 2.
(Hj Rngacy/H{ Z
J

v=p,00

D : A2 = Discy(f(x)—y?) is acted on by o x C;

QD) = Q(A,y)
= rank(Jacp) = Z Ave(D) mod 2 Q(y2, yA) Q(y) Q(y2, A)
V=p,00 (yA)? :yzDiscX(f(x)fyzi | /
where © = C§ + C2 + C§ —2Gx G — {1}. Q(y?)
— rank(E) + rank(Jacp) + rank(Jacp) = Z Ao/ (B)+ A, o(D) mod 2.

v=p,c0
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An arithmetic analogue of the parity conjecture

Theorem (Dokchitser, Green, Konstantinou, Morgan)

Assume #111 is finite. Let X/Q be a smooth, projective curve. There is a finite collection of
Brauer relations Br such that

rank(Jacx) = Z Z Ave mod 2.

v=p,00 ©€Br

Equivalently, there's an explicit invariant A\, € Z computed from curves over local fields such

that
(_1)rank(JacX) — H (_1)/\\,.

vV=p,00

The parity conjecture

(_l)rank(JaCX): H wy (Jacx).

V=p,00
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Summary

Let E£/Q : y? = f(x) be an elliptic curve.

Qly;x,A .
By = (), (Az DIS)CX(f(X) ) Assume that #II1£[3%°] and #I11,,.,[3°] are finite,

/ \\ rank(E) + rank(Jacp) = > A,(B) mod 2.
Q(E)

v=p,00

> Q.4)
(y) oy D : A% = Discy(f(x)—y?) _
/ Assume #II£[3%°], #1 j5c,[3%°], #ILjac,[2°°] are finite,

Q) rank(E) = Z Av(B)+ Ay, (D) mod 2.

E x E x Jacp — Jacg J V=Ree

Theorem
Assume #1011 is finite. Let X/Q be a smooth, projective curve. Then,

( rank(JacX) H ( 1)/\V

v=p,00
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59 1261 6859
E/Q:y2zx3+x2—9x—7 (19.a2), D/Q:A2:—27y4—7y2—1—6.
(_l)rank(E)+rank(JacD) _ H WV(E)WV(JBCD)

v=p,00
v ¢ (E) cv(Jacp) | c,(Jacg) |ords <%€32%“%)) wy (E) | wy(Jacp)
2 1 2 2 0 1 1
3 1 3 1 1 1 -1
7 1 6 2 1 1 -1
19 3 3 27 0 -1 -1
oo || 1.3598... | 0.5121... [ 0.9469... 0 -1 -1

Theorem (Green)

cv(E)zcv(JacQ)
(_1)0rd3( cv(Jacg) ) = Wv(E)Wv(JaCD) when v = p, 0.
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Proving the parity conjecture for E

Theorem (Green)

Let E/K be an elliptic curve. Assume that #11g,k[3%], #1 5, /k[3%], #ac, /k[2%] are
finite. The parity conjecture holds for E.

Proof.
Assume that #I11g,k[3%], #11,,c,/k[3°] are finite. By the previous theorems,

cV(E)zcv(JacD)

(—1)rank(E)+rank(Jacp) H(_1)°“‘3(W) = [ [ wv(E)wv(Jacp) = w(E)w(Jacp).

Assume that #I11 j,c, /k[2°°] is finite. Dokchitser-Dokchitser have shown that

(—1)ranklaeo) — w(Jacp). -
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Further applications to the parity conjecture

Theorem (Green)

Assume #111 is finite. The parity conjecture holds for elliptic curves over number fields.

Theorem (Green, Maistret)

The p-parity conjecture holds for elliptic curves over totally real fields.

Work in progress (Dokchitser, Green, Morgan)

Assume #111 is finite. The parity conjecture holds for Jacobians of semistable hyperelliptic
curves over number fields with good ordinary reduction at places v | 2.
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Thank you for your attention!
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